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Abstract—The error due to discretization in a method-of-
moments analysis of a parallel plate or metal-insulator—-metal
(MIM) capacitor is discussed. A technique related to Richardson
extrapolation is used to develop a model for the error due Top Plate
to subsectional discretization. The results are for Galerkin’s MIM dielectric d I
method using rooftop basis functions; however, the technique Bottom Plate
can be applied to any variational moment-method calculation. An n I

expression is presented for the error in capacitance calculations, Substrate
which is shown to hold for changes in geometry and dielectric
constant. In addition, the expression for error is shown to be ; Ground Plane

accurate for a wide range of meshing geometries. Surprisingly,

the error model is not an upper bound, but rather is met nearly I_,X

in equality for all geometries considered. Thus, the error may be Y

f(lar:lﬁ)llty subtracted from the calculated value for a more accurate Fig. 1. MIM series capacitor cross-section layout used in the example.

Index Terms—Capacitance calculation, discretization error. . . . . . . .
fixed fine meshing in th& -direction. Using a spreadsheet,

the convergence trend of the individual error sourcEs ¥’
l. INTRODUCTION discretization) can be observed and an error model fitted to
ALERKIN method-of-moments analyses exhibit a varithe data. This model is then evaluated for a cell size of zero.

ational property, i.e., as the number of basis functions

used approaches infinity, the numerical solution converges to Il. DISCUSSION
the exact solution [1] to the extent allowed by the numerical
precision used. This principle has been applied to the er
analysis of a stripline transmission line used as a benchm
since its exact solution is known [2]. For the electromagnet]
analysis of parallel plate or MIM (metal-insulator—-metal
capacitors, a similar analysis is performed here by isolati
the discretization error in each direction and observing t
convergence behavior.

The key to the proposed method is to consider the fin
answer (the capacitance) of the calculation to be a function
the discretization level or number of cells in a given directio

M, and then to calculate the capacitance for several value IS Yaried from 2 to 256 cells. This is then repeated holding the

M. A function can be fitted to the results of these calculatio S—Iclilrectr?td Adlscr:]urﬁartlonfag] 2?6 aﬂd |V ar;;:na]mthi’cned_:_ret;tloln
which is in turn evaluated at the desired (very time corror count. A summary of the resulls 1s sho aole L.
The analyses were performed at 1.0 MHz to make sure

suming) discretization to extrapolate capacitance values with' = ™, . )
9) P P rasitic inductances and capacitances were not confused with

higher accuracy. This technique is generally used in Rombjl% desired capacitance error. Although not the subject of this

integration, and is known as Richardson extrapolation [8], [9]. ¢ error models for th rasiti n also be determined
For example, a square capacitor in the-Y plane can be ?F;]? ’her?r 0 neis 0 ﬁe {:)adas fstza ?sno ) etr eter Ed.

first discretized with a very small (high resolution) cell size i gher frequencies, etiects due to the planar structure a
the ground plane also become significant. For example, an

the X-direction while the number of cells in the-direction equivalent circuit representation [5] for a MIM series capacitor
is varied. This is then repeated in th€-direction with a €q T P [5] P
is shown in Fig. 3.
Manuscript received April 14, 1997; revised November 21, 1997. At low frequenCIes’Cl\'HM dominates and is what is con-
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rorS & practical example of the procedure, a MIM capacitor

ff own in Figs. 1 and 2) 0.5-mm square with dielectric con-

éant 10.0 and dielectric thickness 100 nM is modeled on a

0-mm-thick substrate 1-mm square using Sormet A full
scription of this software is given in [3m’s Spice option

g determines series capacitance and port discontinuity capac

itance separately, so de-embedding of the port discontinuity is

la?t needed.

The capacitor was discretized with 256 cells across its length

-direction) and the discretization in the widthi{direction)

0018-9480/98$10.001 1998 IEEE



LENZING AND RAUTIO: MODEL FOR DISCRETIZATION ERROR IN ELECTROMAGNETIC ANALYSIS OF CAPACITORS 163

Lt

ol

- o e el W W

sea

i ABC148,

D 2BERD

Fig. 2. Two top views £, y plane) of the Sonnetgeomdescription of the MIM series capacitor. The left view shows the top plate (cross hatch) with the
bottom plate in dotted line and the right view shows the bottom plate with top plate in dotted line. The two plates overlap up to the dotted lines.

TABLE |
THE BASELINE CONVERGENCE ANALYSIS
REsULTS FOR A0.5vM-SQUARE CAPACITOR

Cellsj/\!}ength Cellsj/\}Nldth Cap (pF) C?pa;)ge Change (%)

256 2 227.25513 — —
256 4 224.38529 | —2.870 | —1.279%
256 8 222.94062 | —1.445 | —0.648%
256 16 222.23118 | —0.709 | —0.319%
256 32 221.87358 [ —0.358 | —0.161%
256 64 221.69608 | —0.178 | —0.080%
256 128 221.60892 | —0.087 | —0.039%
256 256 22156736 [ —0.042 | —0.019%
2 256 227.20116 — —

4 256 224.33293 | —2.868 | —1.279%
8 256 222.90571 | —1.427 | —0.640%
16 256 222.19704 | —0.709 | —0.319%
32 256 221.84819 [ —0.349 | —0.157%
64 256 221.67935 [ —0.169 | —0.076%
128 256 221.60070 [ —0.079 | —0.035%
256 256 221.56736 | —0.033 | —0.015%

Fig. 4. Equivalent circuit model of a shunt MIM capacitor from [6].

The small differences between theand y cases are due to
the feedline positions, since in the first ca@s6 x N) the
feedline has a different discretization than the second case
(M x 256). Looking at the convergence data in each case,

capacitance and the very small, but potentially importante can conclude that the total remaining error at a given
fringing capacitance around the edge of the capacitor platgscretization level is very nearly equal to the change from one
This technique can also be applied to compute the bottagvel to the next. If this pattern continues fof, N > 256,
plate to ground capacitanag, if desired. For planar shuntwe can assume the total error left in the 256256 cell
capacitors, the same results apply and can be used to madellt is 0.042 pF + 0.033 pF. If true, then the converged
Cq, in Fig. 4 from [6].
Note in Table | that the change is reduced by half whenith a subjectively estimated error &f0.01 pF, 0r4-0.0045%.

doubling the number of cells in either thé- or Y -direction.

result is 221.567 pF — 0.042 pF — 0.033 pF = 221.492 pF

Note that at the other extreme, i.e., without using convergence



164 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 46, NO. 2, FEBRUARY 1998

TABLE I i
CONVERGENCE ANALYSIS RESULTS FOR THE SAME Bror flable 1) *
CAPACITOR, BUT WITH DIELECTRIC THICKNESS 200 nM. id AT M e
NOTE THE SIMILARITY WITH THE BASELINE CASE IN TABLE | z
Cells/Length Cells/Width Change Change
M N Cap (oF) | “op)’ o) :
256 2 113.68227 — — BT
256 4 112.23747 | —1.435 | —1.278% b
256 8 111.52983 | —0.718 | —0.643%
256 16 111.17211| —0.358 | —0.322% i
256 32 110.99456 | —0.178 | —0.160%
256 64 110.90738 | —0.087 | —0.079% 4
256 128 110.86583 | —0.042 | —0.037%
256 256 110.84756 | —0.018 | —0.016% ad )
1 M 10K
2 256 113.62954 — — MumberafcellsM.M
4 256 112.19228 | —1437 | —1.281% Fig. 5. The magnitude of the error in the capacitance calculation versus
fG 222 ﬂiigggg :(O)ggg :ggiizﬁ: number of (Eells in th(_=X— or Y—dil_’ection is _shc_>wn in the dotted line. The
32 256 110.97014 | —0.169 | —0 152% error model5.119/M is shown with the solid line.
64 256 110.89145| —0.079 | —0.071%
222 ggg ﬂg'giséé :g'gﬁ :8'8‘2822 (up toe, = 1000), and aspect ratio (from square to 2:1) with

essentially the same results. Several cases are summarized in
Tables Il and Ill. Discrepancies for the low error region of

TABLE Il Table Il may be related to numerical precision (cell size is
CONVERGENCE ANALYSIS RESULTS WITH THE BASELINE CONFIGURATION .
about 2;M on a side).

INSULATOR DIELECTRIC CONSTANT CHANGED TO 1.0. EXCEPT FOR THEVERY

Low ERROR RANGE. THE RESULTS ARE STILL SIMILAR TO THE BASELINE Fig. 5 is a plot of the results from the % Change (error)
ReEsuLTs. THE Low ERROR DISCREPANCIESARE CAUSED BY NUMERICAL column in Table | versus\/ or N Showing the relationship
PRECISION ERROR DUE TO THE LOW ANALYSIS FREQUENCY. THIS SITUATION R . i . .
ARISES WHEN SUBSECTIONSARE LESS THAN 0.00001 WAVELENGTHS between error in a given direction and the number of cells in
CellsiLength Colswidn c T Change | Change that d|rect_|on..As was st_ated earlier, the basis of R|chardson
M N ap (pF) (pF) (%) extrapolation is to consider the result as a function of the
256 2 22.80688 — — discretization. Here, we modify this procedure slightly by
256 4 2252021 | —0.287 | —1.273%  consjdering theerror to be a function of the discretization
20 8 22.37769 | —0.143 | “0887%  and model its behavior. Combining the and rces of
256 16 2230741 | —0.070 | —0.315% & oael 1ts behavior. Lo g (neandy sources o
256 32 2227319 | —0034 | —0.154% error, a rational function of the form
256 64 22.25693 | —0.016 | —0.073%
256 128 2224960 | —0.007 | —0.033% GE(M,N) = 2L 4 22 (1)
256 256 22.24958 | 0.000 [ —0.000% ’ M N
2 256 22 76381 — — was fit to the data for both dimensions giving
4 256 22.47861 | —0.285 | —1.269%
8 256 22.34509 | —0.134 | —0.598% 51191 5.1191
[} —
16 256 22.28300 | —0.062 [ —0.279% %o By (M, N) = M + N ()
32 256 22.25650 | —0.027 | —0.119%
64 256 22.24713 | —0.009 | —0.042%  where M, N are the number of cells in the-, y-direction,
128 256 22.24547 | —0.002 | —0.007% ; : ;
respectively. After repeating this for the other tables (the ones
256 256 22.24958 | 0.004 | 0.018% b y P g (

shown here and several other cases) the coefficigntss in
(1) were averaged resulting in the subsectioning error model

analysis and using a coarse mesh in both dimensions (say,

4 x 4 cells), the total error can exceed 4%, an unacceptable % Esu(M,N) = 512 + @_ (3)
situation for a number of applications, especially in filter M N
design. In [2], it was found that error due to cell width can cancel

The parallel plate(eA/d) capacitance for this case isg o gue to cell length in a transmission line. However, in this

221'.136 pF. Th's. means gpproxmately 0'3'_56 R.01 investigation, for capacitor subsectioning it was found that the
PF is due to fringing cap_acnance and numerical error Othgfrors always add. Thus, the error provided by the above model
than error d_ue to cell W'dth. or cc_ell _Iength. A!though Ol_”(éa) may be simply subtracted from the calculated value, thus
expectation is that most of this is fringing capacitance, whic
is discussed later; convergence analysis with respect to other % B (M, N)Cop,
error sources (e.g., numerical precision, fast Fourier transform C=Cep — 100 (4)
(FFT) truncation, etc.) could be performed if desired.

The analyses were repeated for capacitors varying in plgviding a more accurate result without the effort involved

separation (from 100 to 300 nM), change in dielectric constaint a detailed convergence analysis (as in Tables I-IIl). For
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c for the microstrip and parallel-plate transmission-line parts of
Il the capacitor where
o I o o er€owl 7

CMM L,, Lz, M ppe d ( )
11
1 ) . )

.c is the parallel-plate capacitance. Then the total capacitance

(neglecting corner capacitance) is

Fig. 6. Equivalent circuit model of a simulated series MIM capacitor includ- C = Cppe + 2Cmic + 2Cspp

(8)
ing error compensatiorCy ;v + Cerror iS the calculated value of the series
capacitanceCerror is the error in the calculation due to discretization gi"erWhiCh, when applied to the air dielectric case, gives a value of

by (1). Adding =Clerror removes this error. 22.191 pF and is in close agreement with #ae calculated
value including the error correction, which is 22.240 pF,
the case of the series MIM capacitor, this results in a modehving approximately 0.049 pF~(Q.22%) due to corner
which is compensated for errors due to discretization, as showapacitance and error other than discretization error.
in Fig. 6. Alternatively, the size of the capacitor (either as
analyzed or as fabricated) can be modified to compensate for
analysis error. Of course, if extremely accurate results are
needed, a convergence analysis should be used. As stated in [6], it is important to consider the cell size used

For the purposes of this paper, simple rectangular geoniie-an electromagnetic simulator since computer time increases

tries have been studied, but there is no indication that thisregpidly with the number of cells. Without quantitative knowl-
a limitation of this type of analysis. For arbitrary shapes afdge of the error versus cell-size tradeoff, the designer does
capacitors, convergence of the error can still be tracked amot know if a given cell size yields sufficient accuracy or if it
extrapolated as was done for the rectangular capacitors. is “overkill” resulting in a long simulation time. The authors
believe there may be many more applications of Richard-
son extrapolation in the analysis of error in computational
1. COMPARISON WITH ANALYTICAL TECHNIQUES electromagnetics, as was also pointed out in [10].

The capacitance of a parallel-plate capacitor including The error model described in this paper can be used: 1)
the fringing capacitance can be calculated by modifyirig select a discretization for a desired accuracy level and 2)
the method used in [6] and [7] where the parallel-plat® reduce the error for a given discretization by subtracting
capacitance is augmented by the capacitances due to tgerror capacitance from the calculated value. The technique
edges. This is done by considering the capacitor to bedascribed allows a designer to achieve the desired level of
degenerate transmission line and calculating the characterisifulation error while also realizing the minimum possible
impedance and effective dielectric constant for the two typs&#nulation time.
of lines formed by the edges of a MIM capacitor (using
em or by some other means). The total capacitance for each
transmission line can then be calculated. For this case, the
two different types of transmission lines formed by the edgegl]
of the MIM capacitor (in Fig. 1) are parallel-plate for the [2]
z-dimension and microstrip for thg-dimension, yielding

IV. SUMMARY
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